There is a conjecture due to Shaoji 3], about uniquely vertex rcolorable graphs which states: \ If G is a uniquely vertex r-colorable graph with order n and size (r ? 1)n ?
The uniquely colorable graphs are one of the main topics in graph theory. This kind of graphs have been studied extensively by di erent authors and many papers have been written about them, see say, 1], 2], 3]. Harary and his co-authors 2], mentioned that one may think that every uniquely r-colorable graph contains a subgraph isomorphic to K r . Thus in one of their theorems they proved that: \ For all r 3, there is a uniquely r-colorable graph which contains no subgraph isomorphic to K r ." Several years later, in 1990 Shaoji proved that \ If G is a uniquely r-colorable graph with order n and size m; then m (r ? 1)n ? r 2 , and the bound is the best possible" and then conjectured that \ If G is a uniquely r-colorable graph with order 1 n and size (r ? 1)n ? r 2 , then G contains a K r as its subgraph." Also Chao and Chen showed that \For each integer n 12, there exists a uniquely 3-colorable graph with n vertices and without any triangles." We call their example for n = 12 by G 1 (see Fig. 1 Theorem. There exists a K 3 -free uniquely 3-colorable graph G with 24 vertices and SH(G) = 45 edges. Proof. Our proof is based on a computer search. In the following steps we will explain our construction using the graph G 1 .
Step 1. By a computer search it is shown that if we delete the edges f2; 5g; f3; 8g; f9; 10g of G 1 then the resultant graph has exactly 10 distinct proper vertex colorings with three colors. In all of these colorings two vertices 2 and 10 have di erent colors. We denote this graph by G 2 and note that (G 2 ) = 3, since G 2 contains an odd cycle f5; 6; 10; 11; 12g.
Step 2. Consider two disjoint copies of the graph in Step 1, G 2 with vertex set V (G 2 ) = f1; 2; : : : ; 12g and G 0 2 with vertex set V (G 0 2 ) = 2 f1 0 ; 2 0 ; : : :; 12 0 g. Now adding the three edges, f2; 2 0 g; f10; 2 0 g; f10; 10 0 g in the later graph, we obtain a graph say G 3 such that G 3 is K 3 -free and has exactly 100 distinct proper vertex colorings. It is easily checked that SH(G 3 ) = 45 and G 3 has 43 edges.
Step 3. Now one can add two edges to G 3 , say f7; 3 0 g, f3; 6 0 g, such that the resultant graph, G, is a K 3 -free, 3-UVC graph and SH(G) is equal to size of G. In the Fig. 2, one may For any natural number r 3, there is a K r -free r-UVC graph U r , such that SH(U r ) is equal to size of U r . Proof. Let us put U 3 = G. Now for r 4 consider U r as the join of two graphs, G and K r?3 .
